We have introduced an improved exponential GUP, derived the maximally localized states, calculated quantum corrections to the thermodynamic quantities of the Schwardzschild black hole in our previous work. In this paper we continue to investigate how the maximally localized states and thermodynamic quantities such as Hawking temperature, the entropy, the heat capacity, the evaporation rate, and the decay time change in the extreme case that the integer n in our GUP rises to infinity.
Introduction
Many approaches to unify the quantum mechanics and general relativity, including string theory [1] [2] [3] [4] , loop quantum gravity [5] , and quantum geometry [6] have attracted much attention in recent years. Almost all these proposals, together with some experiments [7] , support a minimal length of the order of Planck scale and a modification of the Heisenberg uncertainty principle (HUP) to the so-called generalized uncertainty principle (GUP) [8] [9] [10] [11] [12] . In the framework of GUP, contrary to the HUP's one, a lower bound of the measurable length of the order of the Planck scale 10 −35 m naturally appears in the spacetime [10] [11][12] [13] . Generalized uncertainty principle, being one of the approaches in adding quantum effects on gravity systems, have received much attention and several achievements have been made [14] [15] [16] [17] . For instance, in the framework of GUP, the existence of a minimal length prohibits the wholly radiation of a black hole and there finally remains a remnant that the information loss paradox may be avoided.
Various typical forms of GUP deforming the position-momentum commutation relations have been mentioned by researchers. One is the quadratic form GUP [8] proposed by KMM in which the commutators of position and momentum operators contain a additional quadratic term in momentum. Another is the exponential form proposed by K. Nouicer [18] in which GUP deforms the commutation relation by an exponential function of the square of momentum operator. In our previous work [19] [20], we have introduced an improved exponential form GUP and obtain the cosmological constant that coincides exactly with the experimental value provided by the Planck 2013 results [21] by choosing an appropriate index n in our GUP while considering the UV/IR mixing effect. Moreover, we have investigated the maximally localized states, the corresponding quasi-position wavefunctions, and the scalar product of these wavefunctions, derived the corrected thermodynamic quantities of the Schwardzschild black hole with or without considering the UV/IR mixing effect. We have analyzed these results in different cases of index n and made some interesting conclusions.
However, in our previous paper only the situation of finite index n has been studied in detail. How will the situations of maximally localized states and quantum corrections of black hole thermodynamics in the framework of GUP change as n in our GUP rises to infinity? The paper answering this question is organized as follows. In Section 2 we briefly review our improved exponential GUP researched in detail in refs. [19] [20] . In section 3, we discuss the representation of operators and the maximally localized states. In section 4, we then focus on the corrected Hawking temperature, entropy, and heat capacity of the Schwarzschild black hole; we also pay attention to the Hawking evaporation process and calculate the corrections to the evaporation rate and the decay time without and with the consideration of the UV/IR mixing effect. In the above two sections all the results are derived in the extreme case, n → ∞. At the end, we make a short conclusion in section 5.
The improved exponential GUP
In this section we start with the improved exponential GUP introduced in paper [20] . We propose our improved exponential GUP as follows,
where α is a dimensionless parameter with the order of unity that describes the strength of gravitational effects, ℓ Pl is the Planck length, and n is a positive integer.
In the momentum space, the position and momentum operators of our new GUP form can be represented asX
and the symmetric condition [8] φ|X |ψ = φ| X |ψ , φ|P |ψ = φ| P |ψ ,
gives rise to the following scalar product of wavefunctions and the orthogonality and completeness of eigenstates,
where |p and |p ′ mean momentum eigenstates and ψ(p) ≡ p|ψ stands for a wavefunction in the momentum space. From the improved exponential GUP we receive the uncertainty relation,
Using the relations P 2 = P 2 + (∆P ) 2 and P 2n P 2n , the minimal length and its corresponding momentum measurement precision are straightly expressed by choose P = 0,
3 Representation and maximally localized states in extreme case n → ∞ In KMM's opinion [8] , the existence of the minimal length fuzzes the concept of eigenvalues of the position operator and the formal eigenfunction cannot be worked out by directly solving the eigenvalue equation. Factually, the maximally localized states are imperative to recover the information on position by calculating the average values of the position operator rather than the ordinary position eigenvalues via position eigenstates. The maximally localized states in our improved exponential GUP, unfortunately, cannot simply worked our in KMM's approach for GUP's complex from. S. Detournay applies a constrained variational principle to find out maximally localized states satisfying an Euler-Lagrange equation in the momentum space written as a piecewise-defined function (See details in [20] [22]),
Pl 2n p 2n (10) for p < 0, and
Pl 2n p 2n (11) for p 0. The position ξ denotes the normalized average value of the position operator Ψ ξ |X|Ψ ξ . Here we discover the probability density |Ψ ξ (p)| 2 at the points |p| > αℓ Pl will markedly plunge when n grows, and at the moment n goes to infinity it will vanish. The fact that the zero probability density outside the range indicates the momentum should be given a natural limitation in this extreme case
Besides, it ensure the position and momentum operators acting on wavefunctions in momentum space have a physical interpretation as n → ∞. We notice that the momentum interval is the order of the Plack momentum. In this case, GUP seems to reduce to the normal form,
and so do the representations of the position and momentum operators and the scalar product of wavefunctions and the orthogonality and completeness of eigenstates take the following forms,X
− αℓ Pl dp |p p|.
However, it is noted that the above results are only valid in the momentum interval, although they look like their counterparts in the ordinary quantum mechanics. The In S. Detournay's way [22] , we can ensure from eqs.(20)(25) in ref. [20] that z(p) is a linear function of momentum in the case n inclining to infinity,
and therefore obtain from eq.(28)(29) in ref. [20] the maximally localized states,
and the minimal length (eq. (24) in ref. [20] ),
Moreover, we list some properties of the maximally localizes states in the extreme case n → ∞. At first, eq.(31) in ref. [20] reduces to
which shows that the maximal localization states still remain non-orthogonal. Then, the transformation of a wavwfuntion from the momentum space into the quasi-position space, eq.(32) in ref. [20] , is simplified to be momentum space to the quasi-position space,
and correspondingly the inverse transformation, i.e. eq.(34) in ref. [20] reads as
The last property listed here is the simplified form of the scalar product of quasi-position wavefunction (eq.(35) in ref. [20] ) in the limit
4 Black hole thermodynamics in extreme case n → ∞ At the beginning we write the metric of a four-dimensional Schwarzschild black hole,
where M denotes the black hole mass. Considering the near-horizon geometry the accuracy of position measurement should be of the scale of the black hole, ∆X ≃ r h = 2GM, hence the minimal mass has been given
And the minimal mass (Black hole remnant) is
as n tends to infinity. With the help of the Lambert W function W (x) [23] , the corrected temperature in ref. [20] is shown as follows,
from which we obtain the temperature and and the maximal temperature in the framework of GUP, respectively,
where T max is the highest temperature of all the black hole remnants. Moreover, using
in ref. [20] , we derive the entropy of the black hole,
and from
in ref. [20] , the heat capacity is
In contrast to the situation with a finite n, the heat capacity of the black hole does not vanish, whose absolute value equals πα 2 /2 due to the non-vanishing remnant mass M 0 = αM P l /4. Now we turn to the discussion of the evaporation rate and the decay time in the GUP framework. Setting z ≡ P/T in eq.(50) in ref. [20] , we can write the evaporation rate without the UV/IR mixing effect as
When n climbs to infinity, the above integration vanishes unless the upper limit is not greater than
. Again using the second equation of eq. (26), we can perform the integration
where Finally, we analyze the evaporation rate and the decay time with the consideration of the UV/IR mixing effect. By setting z ≡ P/T and taking the limit n → ∞ in eq.(52) in ref. [20] 
and further using the fist equation of eq. (26), we obtain the expression of the evaporation rate,
Because the range of integration is larger than 8πM αT Pl , which implies that only the trans-Planckian modes [24] (P > P C ) have contributions to the energy density, we have
and hence deduce that the evaporation rate is vanishing. In other words, the decay time slides grows to infinity, i.e. the black hole has no radiation in this extreme case.
Conclusion
In this paper we first review our improved exponential GUP in our previous work, and analyze in the ultimate case how the representation of operators and the properties of the maximally localized states alter. As the integer n → ∞ some properties of the states such as the nonorthogonality, the corresponding quasi-position wavefunctions, and the scalar product of these wavefunctions have transformed. Especially, the existence of the momentum range can be seen as the first new physical feature. Next, we investigate thermodynamics of the Schwardzschild black hole and find that in this extreme case the heat capacity of the black hole remnant as been limited not to vanish, which means the second new physical feature.
At last, we also have calculated the evaporation rates and decay times without and with UV/IR mixing effect in the case n → ∞, which has made of great differences. In the former situation, the black hole evaporation rate is decided by its mass and the time is approximately to ordinary one, but in the latter situation, the black hole stops emission and remains its original mass forever. The third new physical feature has emerged.
